3 COMPLEX

NUMBERS

Objectives
After studying this chapter you should

understand how quadratic equations lead to complex
numbers and how to plot complex numbers on an Argand
diagram;

be able to relate graphs of polynomials to complex numbers;
be able to do basic arithmetic operations on complex
numbers of the forna+ib;

understand the polar for[m,e] of a complex number and its
algebra;

understand Euler's relation and the exponential form of a
complex numbere'?;

be able to use de Moivre's theorem,;

be able to interpret relationships of complex numbers as loci
in the complex plane.

3.0 Introduction

The history of complex humbers goes back to the ancient
Greeks who decided (but were perplexed) that no number
existed that satisfies

x2:—1

For exampleDiophantus(about 275 AD) attempted to solve
what seems a reasonable problem, namely

'Find the sides of aright-angled triangle of perimeter 12 units
and area 7 squared units.'

Letting AB = x, AC =h as shown,

then aea= 5xh

and perimeter= x +h+1 x* +h’
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Chapter 3 Complex Numbers

Activity 1

Show that the two equations above reduce to

6x° —43x+84=0

when perimetex=12 and area= 7. Does this have real solutions?

A similar problem was posed lyardanin 1545. He tried to
solve the problem of finding two numbeesandb, whose sum is
10 and whose product is 40;

ie. a+b=10 (1)
ab=40 (2)
Eliminatingb gives
a(l0-a)=40
or a’-10a+40=0.

Solving this quadratic gives

1
a=_(10+,-60) =5+ V=15

This shows that there are n@al solutions, but if it is agreed to
continue using the numbers

a=5++-15 b=5-+-15

then equations (1) and (2) are satisfied.

Show that equations (1) and (2) are satisfied by these values of X
andy.

So these are solutions of the original problem but they areeabt
numbers. Surprisingly, it was not until the nineteenth century that
such solutions were fully understood.
The square root ofl is denoted by, so that

i =+/-1
and a=5+.15i, b=5-./15i

are examples afomplex numbers
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Activity 2  The need for complex humbers

Solve if possible, the following quadratic equations by
factorising or by using the quadratic formula. If a solution is not
possible explain why.

(b) xX*-x-6=0
(d) x*-2x+2=0

(@) x*-1=0
(c) x*-2x-2=0

You should have found (a), (b) and (c) straightforward to solve
but in (d) a term appears in the solution which includes the
square root of aegativenumber and to obtain solutions you

need to use the symbbt /-1, or

i7=-1

It is then possible to obtain a solution to (d) in Activity 2.

Example

Solve x> -2x+2=0.

Solution
Using the quadratic formula

A
-b+Vvb" —4ac
2a

2
But V-4 =4(-1) =VaV-1=2V-1=2i
(using the definition of).
2+2i
Therefore x = !
2
O x = 1%i

Therefore the two solutions are

X=1+i and x=1-i

Chapter 3 Complex Numbers
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Chapter 3 Complex Numbers

Activity 3

Solve the following equations, leaving your answers in terms of

(@) x*+x+1=0 (b) 3x*-4x+2=0
(© x*+1=0 (d) 2x-7=4x

The set of solutions to a quadratic equation such as

ax? +bx+c=0

can be related to the intercepts on xkexiswhen the graph of the
function

f(x)=ax’ +bx+c

is drawn.

Activity 4  Quadratic graphs

Using a graphics calculator, a graph drawing program on a
computer, a spreadsheet or otherwise, draw the graphs of the
following functions and find a connection between the existence or
not of real solutions to the related quadratic equations.

(@) f(x)=x" -1 (b) f(x)=x*-x-6
) f(x)=x"-2x-2  (d) f(x)=x*+x+1

(e) f(x)=3x" —4ax+2 (f) f(x)=x*+1

You should have noted that if the graph of the function either
intercepts the-axis in two places or touches it in one place then
the solutions of the related quadratic equation are real, but if the
graph does not intercept theaxis then the solutions are complex.

If the quadratic equation is expressectaazs+ bx+c=0, then the

expression that determines the type of solutiob’is 4ac, called
thediscriminant.

In a quadratic equatiorax? + bx+c =0, if:

b® - 4ac> 0 then solutions are real and different
b? - 4ac= 0 then solutions are real and equal

b? -4ac<0 then solutions are complex
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3.1 Complex number algebra

A number such a8+4i is called a&complex number. Itis the
sum of two terms (each of which may be zero).

The real term (not containirigyis called theeal part and the
coefficient ofi is theimaginary part. Therefore the real part of

3+4i is 3 and the imaginary part is 4.

A number is real when the coefficientiak zero and is imaginary
when the real part is zero.

e.g. 3+0i=3isreal and 0+4i=4i isimaginary.

Having introduced a complex number, the ways in which they can
be combined, i.e. addition, multiplication, division etc., need to be
defined. This is termed thedgebra of complex numbers. You

will see that, in general, you proceed as in real numbers, but using

i2=-1
where appropriate.

But first equality of complex numbers must be defined.

If two complex numbers, say

a+bi, c+di

areequal, then both their real and imaginary parts are equal;

a+bi=c+di O a=candb=d

Addition and subtraction

Addition of complex numbers is defined by separately adding real
and imaginary parts; so if

z=a+bhi, w=c+di
then z+w=(a+tc)+(b+d)i.

Similarly for subtraction.

Example

Express each of the following in the forxt yi.
(@) (3+5i)+(2-3i)

(b) (3+5i)+6

(c) 7i-(4+5i)
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Chapter 3 Complex Numbers

Solution

(@) (3+5i)+(2-3i)=3+2+(5-3)i=5+2i
(b) (3+5i)+6=9+5i

(c) 7i—(4+5)=7i-4-5 =-4+2i

Multiplication

Multiplication is straightforward provided you remember that

i2=-1

Example

Simplify in the formx +yi:
(a) 3(2+4i)

(b) (5+3i)i

(c) (2-7i)(3+4i)

Solution
(@) 3(2+4i) = 3(2)+3(4i) = 6+12
(b) (5+3)i = (5)i+(3)i =51 +3(i) =5 +(-1)3= -3+5i

(©)  (2-7)(3+4i)=(2)(3) - (7i)(3) + (2)(4i) - (71)(4i)
= 6-21i +8i - (-29)
= 6-21 +8i +28
= 34-13
In general, if
z=a+bi, w = c+di,
then zw = (a+hi)(c+di)

= ac-bd+ (ad+ bo)i
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Chapter 3 Complex Numbers

Activity

Simplify the following expressions:

(@) (2+6i)+(9-2i) (b) (8-3i)-(1+5i)

(c) 3(7-3i)+i(2+2i) (d) (3+5i)(1-4i)

(e) (5+12)(6+7i) ® (2+i)

(9) i’ (h) i

(i) @-iy () @+iy’+@-i)?

K) 2+)*+@2-i)* () (a+ib)(a-ib)

Division

Thecomplex conjugateof a complex number is obtained by

changing the sign of the imaginary part. Sai#fa+bi, its Note: an alternative notation
complex conjugatez, is defined by often used for the complex

7 = a—bi conjugate isz*.

Any complex number+ bi has a complex conjugage- bi

and from Activity 5 it can be seen thig+bi)(a-bi)is a real

number. This fact is used in simplifying expressions where the
denominator of a quotient is complex.

Example
Simplify the expressions:
1 3 4+7i
= b) — c
@ i (b) 1+i (© 2+5i
Solution

To simplify these expressions you multiply the numerator and
denominator of the quotient by the complex conjugate of the
denominator.

(@) The complex conjugate ofis —i, therefore

}=1'x__izwz__i=_i

b= () (=)
(b) The complex conjugate of+i is 1-i, therefore

3 8 1-i_ 3(1-i) _3-3_3 3
1+ 1+ 1-i (@+i)@-i)) 2 2 2
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Chapter 3 Complex Numbers

(c) The complex conjugate 02 +5i is 2-5i therefore

2+5i 2+5 2-5 29 29 29

4+7i _ 4+7i 2-5 _ 43-6i _ 43 _ 6.

Activity 6  Division

Simplify to the form a+ib

4 1-i 4+5j 4
(a) T (b) I (c) P (d) 1+ 2)?

3.2 Solving equations

Just as you can have equations with real numbers, you can have
equations with complex numbers, as illustrated in the example
below.

Example

Solve each of the following equations for the complex number
z.

(@) 4+5i=z-(1-i)
(b) (1+2i)z=2+5i
Solution
(@) Writing z=x+ly,
4+5i =(x+yi)-(1-i)
4+5 =x-1+(y+1)i
Comparing real parts 0 4=x-1, x=5
Comparing imaginary parts [ 5=y+1, y=4

Soz=5+4i. In fact there is no need to introduce the real
and imaginary parts o, since

4+5 =z~ (1-i)
z=4+5i +(1-i)
Zz=5+4i

(b) (1+2i)z=2+5i

2+5i
z= -
1+2i
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2+5 1-2i
zZ= P Q—
1+2i 1-2i
12+i 12
z= ==+
5 5

Activity 7

Chapter 3 Complex Numbers

(a) Solve the following equations for realandy

(i) 3+5i+x-yi=6-2i
(i) x+yi=(1-i)2+8i).

(b) Determine the complex numbewhich satisfies

2(3+3i)=2-i.

Exercise 3A

1. Solve the equations:
(@) x> +9=0 (b) 9x*> +25=0
(c) X* +2x+2=0 (d) x> +x+1=0
(e) 2x> +3x+2=0

2. Find the quadratic equation which has roots

2+4/30.

3. Write the following complex numbers in the
form x+yi.

(a) (3+2i)+(2+4i) (b) (4+3i)-(2+5i)
(c) (4+3)+(4-30) (d) (2+7)-(2-T7i)
(e) (3+2i)(4-3) (f) (3+2i)®
(9) A+i)A-i)2+i)

4. Find the value of the real numbgsuch that
(3+2i)(1+iy)
is (a) real (b) imaginary.

5. Simplify:
(@i* (b (c)% (d)i% (e)i%
6. If z=1+2i, find

1 1
@z (- () 5
zZ Z

10.

Write in the formx+yi:

0 w2 o2
@ CE= 0 22
Simplify:

(@) 12 (b)%

© s

Solve forz when
(@) zZ(2+i)=3-2i (b) (z+)(@@-i)=2+3i

(@ T+-t==
z 2-i 1+i

Find the values of the real numbearandy in

each of the following:

X y
a) —+
( )1+i 1-2i

=1

() 2+ X -2
2-i i+3 1+i
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Chapter 3 Complex Numbers

11. Given thatp andq are real and thatl+2i is a 12. The complex numbens v andw are related by
root of the equation 1 —14.1
Z2+(p+5i)z+q(2-i)=0 u v w
determine: Given thatv=3+4i,w=4-3i, find u in the
form x+iy.

(a) the values op andq;

(b) the other root of the equation.

3.3 Argand diagram

Any complex numberz =a+bi can be represented by an
ordered paird, b) and hence plotted ory-axes with the real
part measured along thxeaxis and the imaginary part along the
y-axis. This graphical representation of the complex number
field is called amrgand diagram, named after the Swiss
mathematicianJean Arganq1768-1822).

Example Imaginary 3412
24 *
Represent the following complex numbers on an Argand 1
diagram: |
3 2 1 2 3 4 5
(@ z=3+2i (b)z=4-5 (c)z=-2-i SR 1- ! Real
z=-2-i |
-2 :
Solution 3 1
The Argand diagram is shown opposite. o |
S .
Activity & z=4-3

Let z,=5+2i, z,=1+3i, z;=2-3i, z,=/-4-Ti.

(a) Plot the complex numbem, z,, z5, z, on an Argand
diagram and label them.

(b) Plot the complex numbemm+2z, andz,—z, on the same
Argand diagram. Geometrically, how do the positions of
the numbersz,;+z, and z,-z, relate toz, andz,?
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Chapter 3 Complex Numbers

3.4 Polar coordinates

Consider the complex number=3+4i as represented on an Imaginary
Argand diagram. The position of A can be expressed as
coordinates (3, 4), the cartesian form, or in terms of the length ~ 4{ - - - - - - A
and direction of OA.

Using Pythagoras' theorem, the length of ©A3® +4° =5.

This is written as|z|=r =5. |z| is read as theodulus or
absolute value of.

Real

wl-=-=-=-==-==

The angle that OA makes with the positive real axis is

=tan Egg- 53.13 (or 0.927 radians

This is written asarg(z) =53.13. You sayard(z) is the y b
argument or phase ot. , (@D

The parameterfz| and arg(z) are in fact the equivalent pblar

coordinates r,8 as shown opposite. There is a simple b
connection between the polar coordinate form and the cartesian
or rectangular formg, b): 2

a=rcosf, b=rsinf.

Therefore
z=a+bi=rcosf+risind=r(cosd +isinb)

where|z|=r,andardz) =

It is more usual to express the an@lén radians. Note also that
it is convention to write thebeforesing, i.e. ising is
preferable tosinfi .

In the diagram opposite, the point A could be Iabel(@d@, 2)

or as2+/3+2i. 20 A

The angle that OA makes with the posit'waxis is given by 151

=tan ' H_ tan * BTH 05

O 05 10 15 20 25 30 35

Therefore ng or 2n+g or 47T+7€T or ... etc. Thereis an

infinite number of possible angles. The one you should normally

use is in the intervat < 8 < 11, and this is called therincipal
argument.
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Chapter 3 Complex Numbers

Using polar coordinates the point A could be labelled with its
polar coordinateqdr, 6] as %g% Note the use of squared

brackets when using polar coordinates. This is to avoid
confusion with Cartesian coordinates.

OO0

Thus 2V3+2i = 45005%—E+ i SmE_EB

Important note: if you are expressing+ib in its polar form,

wherea andb are both positive, then the formlm:tan'lg is

guite sufficient. But in other cases you need to think about the
position ofa+ib in the Argand diagram.

Example

Write z=-1-i in polar form.

Solution

Now z=a+ib wherea=-1 and b=-1 and in polar form the
modulus ofz =|z| =r =v1*+1° =2 and the argument is
5m . - .

” (or 225): its principal value |s—37n.

Hence z= 42 —3mQ

g ’T@in polar coordinates. (The formula

tan‘lg would have given you471.)

Activity 9

(@) Write the following numbers ifr, 8] form:

@iy 7+2i (i) 3-i (iii) —4+6i (iv) —/3-i
(b) Write the following in a+bi form:

(remember that the angles are in radians)

(i) % ’ZTE )57 i) [6, 4.9

27TD

(iv) @V
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3.5 Complex number algebra

You will now investigate the set of complex numbers in the
modulus/argument fornjr, 6] .

Suppose you wish to combine two complex numbers of the form
z, = [rl,el] z, = [r2,62]

Note that, ina+bi form,
z, = r,cosf, + ir,;sinf;

and z, = r,cos6, +ir,sing,

So 2,2, = (r1 cosf, +i rlsln@l)(r2 cosg, +ir,, sm92)

rr 2(cos@l + isin@l)(cose2 +isin 62)

=r,r, [(cosel cosf, —sin@lsinez)

+(sin®, cosd, + cosf; sin 02)i] :

Simplify the expressions in the brackets.

Using the formulae for angles,

2,2, =11, [cos(@l + 62) + isin(@1 + 62)]

or, in polar notation
2,2, = [rlrz, 61+62].
For example[3,0.9 x [4,0.9 = [12,0.9.

That is, the first elements of the ordered pairsnauétiplied
and the second elements ackded

Activity 10

Given that z, =[3,0.9, z,=[2,1.9 and z;=[4,-0.9,

(&) find z xz, andz x z,

(b) show tha{1, 0] x z,= z,

Chapter 3 Complex Numbers
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(c) (i) find a complex numbez=[r, 6] such that
zxz,=[1,0].

(i) find a complex numbee =[r, 8] such that
zxz,=[1,0].

(d) for any complex numbdr, 6] show that

én—,—eéx[r,e]:[l,o] (r>0).

Activity 11

Use a spreadsheet package to plot numbers on an Argand =B57sin(C57A3)

diagram by entering numbers and formulae into cells A5 to E5  =B5*cos(C5*A5)

as shown opposite. CAETBETCE TN TN
i, i i . iD5iE5]

Cells D5 and E5 calculate tlxeandy coordinates respectively
of the complex number whose modulus and argument are in m 2 025
cells B5 and C5 (the argument is entered as a multiple)of

A second number can be entered in cells B6 and C6 anx ifs (
coordinates calculated by using appropriate formulae in cells D6
and EG6.

This can be repeated for further numbers (the spreadsheet
facility 'FILL DOWN' is useful here).

Use the appropriate facility on your spreadsheet to plot¢hg (

values. 21 .
. . . . 17
Label rows and columns if it makes it easier. - .
4 -3 -2-1,] 1 23
Experiment with different values ofand 6. ,
An example is shown in the graph opposite and the related -3 1
spreadsheet below. —4 <
-5
A T | D E
] r_l—.__\
i A
= N ijf?s'sm.csms;
3 T e /
: 5 -
5 3.141593 0.25[ 1.4142134399| 1.4142136848
6 3.141593 1} -3.000000000 -1.039231E-6
T 3.141593 1.5{ 2.0784612E-6{ -4.000000000
8 3.141593 0.666667| -0.300000664 | 0.5196148588
9 3.141583 2| 2.0000000000{ 1.3B5640BE-6
10 3.141593 1.75| 3.5355360492] -3.535531763
L 11

68



Exercise 3B

Mark on an Argand diagram the points 8.

representing the following numbers:

(@2 (b)3 (c)-i (d)1+2i (e)3-i

(f) —2+3i

The points A, B, C and D represent the numbers

z,, Z,, Z; andz, and O is the origin.

(a) If OABC is a parallelogram, ang, =1+i,
z,=4+5i, find z5 .

(b) Findz, andz, when ABCD is a square and
(i) zy=2+i, z4=6+Ti

(i) z,=6-2i, z,=6i

Find the modulus and argument of

(@) 1-i (b)1++3i (c)3-3i (d)3+2i
Show that
(@)]z|=]z| (b)argz=-argz

and illustrate these results on an Argand

diagram.

Find the modulus and argument af, z,, z,z,
z . a L

and -1 whenz,=1+i andz,=V3+i. What do
Z;

you notice?

Write in the forma+ bi
0O mOd
a) 4, —
@ &35
30

© @2 -

Write in polar form
(@) 1+i  (b) —2+i
(f) -3-4i (g)3-4i

0B

(d) [4, 137]

(€)-5 (d)4 (e)3+4i
(h) -3+4i

3.6 De Moivre's theorem

Chapter 3 Complex Numbers

In this question, angles are in radians.

(a) (i) Plot the following complex numbers on
an Argand diagram and label them:

R

B =-BTR

(ii) Let the complex number= g%

Calculatezxz,zxz,,etc. and plot the

points on the same diagram as in (i).
What do you notice?

(b) Repeat (a) (i) using= %ga

(c) In general, what happens when a complex
number is multiplied by1,6]? Make up some
examples to illustrate your answer.

(d) Repeat (a) (i) using= E).s,gg
(e) In general, what happens when a complex

number is multiplied b@S%E’ Make up

some examples to illustrate your answer.

(f) Repeat (e) foré&,%é

(g) Describe what happens when a complex
number is multiplied b)éigg Make up

some examples to illustrate your answer.

An important theorem in complex numbers is named after the
French mathematiciabraham de Moivr€1667-1754).

Although born in France, he came to England where he made
the acquaintance ddewtonandHalley and became a private
teacher of Mathematics. He never obtained the university
position he sought but he did produce a considerable amount of
research, including his work on complex numbers.

69



Chapter 3 Complex Numbers

The derivation of de Moivre's theorem now follows.

Consider the complex number= Ecos—+|sm n@

Then 2= EFOS%T+ [ singﬁx Ecos%n i singﬁ

T ., .. M. T
=cog = —sin® = + 2i cos—sin—
3 3 3

3

21 21
= cos— +isin—

3 3

or with the modulus/argument notation

O md
zZ = lj‘l_D
O 30
O 0 O mO
and 22 = lj‘l_ljx |j-1_D :é_n-g
0 30 O 30 3

Remember that any complex numlzss x +yi can be written in

the form of an ordered pgjr, 6] where r =\5x2 +y* and

10y

=tan B—E

If the modulus of the number is 1, ther cos@ +i sinf

and Z = (cosf+isin 6)2

cog 0 -sin® 0+ 2i cosfsing

cosXP +isin20

i.e. 2 = [1,6)*=[1,29].

Activity 12

(a) Use the principle that, with the usual notation,

[rliel]x[rZ’ez] :[r1r2191+92]

to investigate%«:osgﬂsingé‘[1 when n=0, 1, 2, 3, ..., 12.
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(b) In the same way as in (a), investigate

m .. .
%cosg +3isin—

forn=0,1, 2, ..., 6.

]
60

You should find from the last activity that

cosf +isinB)" = codnb) +isin(nd).
9 +ising)" 6)+isin(nd

In [r,6] form this is[r, 6]" :[r”,ne] andde Moivre's theorem
states that this is true for angtional number n.

A more rigorous way of deriving de Moivre's theorem follows.

Activity 13

Show that(cos@ +isin8)" = cosn@+isinnd for n=3 andn=4.

Activity 14

Show that

(cosk@ +isink8)(cosB +isinf) = codk +1)0 +isin(k +1)6.
Hence show that if

(cosB +isinB)" = coskd +i sinkd

then (cosd+isin8)*** = cod(k+1)8) +isin((k +1)8).

The principle ofmathematical induction will be used to prove
that (cos8 +isind)" = codné) +isin(nd) for all positive integers

Let S(k) be the statement
'(cosB +isin@)* = coskd +isinkd".

As (1) is true and you have shown in Activity 14 ti5gk)
implies S k+1) then$(2) is also true. But then (again by Activity
14) §3) is true. But then ... Hencerfj(s true forn=1,2,3,...

This is the principle of mathematical induction (which you meet
more fully later in the book). So for all positive integays

Chapter 3 Complex Numbers
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(cosB +isinB)" = cosnd +isinnd

If nis anegative integer then letm=-n

(cosf +isinB)" =(cosf +ising) ™™ = ;m
(cosB +isinb)
wherem is positive and, from the work above,

(cosf +isind)™ = (cosm@ +isinmd).

1

Therefore (cos@+ising)" = —
(cosmé +isinmé)

Activity 15

Show that
1
(cosmé +isinméo)

=cosmé —isinmé@

and hence thafcosd +isin6)" = cosnf +isinné whenn is a
negative integer.

Hint : multiply top and bottom bycosmé —isinmé) and use
the fact thatsin(=A) = —sin(A).

Whenn is arational number, i.e.n =P wherep andq are
q

integers, then agis an integer

Op

%:ompD +isin =
H SHEEQ qu

Sincep is an integer

(cosp8 +isinpb)

g
0=
B

cospB+isinp8 =(cosh +isin6)®,

and hence

Op0 Op

: 08 _
osHaEﬁﬂsm qEﬁ =(cosf+ising)®

g
0
B

[OTD
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Thus EPO%SEHHSinEqEEQ%: (cos@ +isinB)

alo

Thereforecosn@+isinn6 = (cosf +isind)" for any rational
numbern and clearly this leads to

(r(cosd +ising))" =r"(cosnd +isinng)

3.7 Applications of
de Moivre's theorem

There are many applications of de Moivre's theorem, including
the proof of trigonometric identities.

Example
Prove thatcos 3 = cos 6 —3cosdsin® 6.

Solution
By de Moivre's theorem:

cos 3 +isin36 = (cosd +isin6)*
= cos’ 6 +3cog 6(ising) +3cosA(isinB)” +(isinp)’
=cos 0 +3icos Bsinf—3cosfsin® O —isin 6
= cos’ 6 -3cosgsin® 8 +i(3cos Osind -sin’ 6)
Comparingreal parts of the equation above you obtain

cos ¥ =cos 6 -3cosfsin® 6

Example
Simplify the following expression:

cosB+isin20
cosP +isin30
Solution

cosB+isin20 _(cosB+ising)” _ 1
cosP+isin30 (cosh+isinB)® (cosh +isinb)*

Chapter 3 Complex Numbers
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=(cosf+ising)™

= (coq-6) +isin(-6))

=cosf—-isinf

Exercise 3C

1. Use de Moivre's theorem to prove the trig 3. Simplify the following expressions:
identities: .. -
126 = 2sinBcosd a cosH +isin50 (b) cosf—isinf
(a) sin26 =2sinfco cos 20 -isin20 cos49—isin40
(b) cos5 = cos’ 8-10cos Fsin” 8 +5cofsin’ 6
2. If z=cosB+isin@ then use de Moivre's theorem to
show that:
1 2 1
(a) z+==2cosf (b) 27+ =2cos®
z 4
no 1
(c) ' +—=2comb
4
Activity 16
Make an educated guess at a complex solution to the equation = B7*SiN(A5*C7)
Z> =1 and then use the facilities of the spreadsheet to raise it to
the power 3 and plot it on the Argand diagram. If itis a solution =B7*cos(A5*C7)
of the equation then the resultant point will be plotted at distance
1 unit along the real axis. The initial spreadsheet layout from B7TCT J «
Activity 11 can be adapted. In addition, the cells shown opposite ‘ rrrrrrrrrrr D7].EZ!
are required.
=B5”"3

What does the long formula in cell C7 do? s it strictly necessary in
this context?

Below are two examples of the output from a spreadsheet using

=C5*3-2*(int(<52))

these cells — the first one is not a cube root of 1 but the second is. 14
* 08
0.6 |
A B c D E 0.4
5 | 3.141593 1| 0.6666667] -0.5/ 0.8666025 0.2 1
6
7 1 2 1 4.14E-13 -1 -05 0.5 1
14 )
0.8 1
A B | C D 3 0.6 |
s | 3.141503] 1] o0.8] -080902| 0587785 041
- 02
7 1] 2.4| 0.309017| 0951057
-1 05 05 1
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3.8 Solutions of Z =

Write down one solution of Z° =1.

n=1 1
De Moivre's theorem can be used to find all the solutions
of Z* =1.
Let z=[r,6] | .
-1 1
then 2 =[r,6]° :[r3,39]
and you can express 1 as[l, 2nn] wheren is an integer.
n=2 -1

Then [r3,39] =[1,2n7]
Therefore r®=1 and 30 =2nm

i.e. r=1 and B—Z%T

The solutions are then given by letting=0, 1, 2, ...

If n=0, z =[1,0=1

g 2m0 2 2m
If n=1, Z, = [ﬂ,—m—cos—ﬂsm—
O 30 3 3
1 3.
= —— 4+ —|
2 2
U 40 am am
If n=2, z,=,—[= cos—+isin—
o 30 3 3
_ 1 N@I
2 2

What happens if n=3,4,..7

Activity 17  Cube roots of unity

Plot the three distinct cube roots of unity on an Argand diagram.
What do you notice?
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Activity 1&

Use de Moivre's theorem to find all solutions to the following
equations and plot the results on an Argand diagram.

(@) =1 (b) =8 (c) =i

3.9 Euler's theorem

You have probably already met the series expansiai of
namely

2 3 X4
e =1+ x+—+ T+ 2+

21 31 41

Also the series expansions foosf and sirf are given by

2 4 6
c059=1—6—+9——9— +...
2! 41 6!
3 5 7
sin@ = 9—9—+9——9— +
31 51 7!
Activity 19

(a) For each of the following values 6f use the series f@"

with x replaced hyi@ to calculate (to 4 d.p.) the value ef .
(Write your answer in the forma+bi.)

(i) 8=0 (i) @=1 (iii)) 6=2 (iv)6=-0.4
(b) Calculate cos@ andsin@ for each of the values i)

(c) Find a connection between the value€'8f cosd andsind

for each of the values & given in (a) and make up one
other example to test your conjecture.

(d) To prove this for all values @, write down the series
expansions o€'?, cos@ andsinfand show that

e'? =cos@+ising.
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The previous activity has shown that

e =cosf+ising

which is sometimes known &uler's theorem.

It is an important result, and can be used to derive de Moivre's
theorem in a simple way. #is any complex number then in

polar form
Z =X+yi = rcosf+risin@
= r(cosf +isinb)
=re'?, using Euler's theorem. J y
n ig\n n_nié n_i(n@) 0
Thus z :(re ) =r'e " =re X
or (rcosg +ir sinB)" =r"(cogné) +isin(nv))

0 (cosf+isind)" = codnd) +isin(nb)

which is de Moivre's theoem.

What assumptions about complex number algebra have been
made in the 'proof' above?

One interesting result can be obtained from Euler's theorem by
putting 8 = rt. This gives

e =cosm+isinm

=-1+ix0.

So e€"+1=0

This is often referred to &uler's equation, since it connects
the five most 'famous' numbers

0,1, m,ei

with a +' and =' sign!

Try substituting other values of 0 in Euler's theorem and see
what equation is derived.
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3.10 Exponential form of a
complex number

When a complex numberhas modulus, which must be non-
negative, and argumet which is usually taken such that it

satisfies—mm< 8 < 11, you have already shown that it can be
represented in the forms

(i) r(cos@+isin6)
(iiy [r, 6]
(i) re'
Expression (iii) is referred to as tle&ponential form of a

complex number.

Activity 20

Write each of the following complex numbers in the exponential
form.

@) ZEcosgﬂcosgB (b) Es %’TE ©) 1-i3

3.11 Solving equations

You have already investigated the solutions of the equation

Z® =1 and similar equations using a spreadsheet and by using de
Moivre's theorem. A similar approach will now be used to solve

more complicated equations.

Example

Write down the modulus and argument of the complex number
4-4i.

Solve the equatiorz® =4-4i, expressing your answers in the
exponential form.

Solution
a-aij= (@ +(-a7) =42

As before it is often helpful to make a small sketch of an
Argand diagram to locate the correct quadrant for the argument.
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So arg 4- 4i) :%T

Therefore the complex numbér-4i can be expressed as

A _7T|:|
.r2’ _
%‘V 4 B

It is quite convenient to work using the polar form of a complex
number when solving® = 4-4i.

Let z=[r, 6], then25=[r5, 59].

So as to obtain all five roots of the equation, the argument is

considered to bénn—g wheren is an integer.
Equating the results
[r5, 56]:%«v2, ZnH—gE
=442 0O r=+2
56:2nn—7ZT 0 9:(8n—1)2—r8

Now choose the five appropriate valuesdo thatd lies
between-rmandr.

n=-2 0 @ = _—im
20
n=-1 0 @ = 97
20
n=0 O @ = _"
20
n=1 0 @ = T
20
n=2 O 6 = gory
20 4

The solutions in exponential form are therefore

- 17mj - 9 - 7 (3
\2e 20 \2e 20 \2e 2, ./2e20 and \/2e4 .

Chapter 3 Complex Numbers

Imaginary |

—4

79



Chapter 3 Complex Numbers

Activity 21

Show thatl+i is a root of the equatior’ = -4 and find each of
the other roots in the form+bi wherea andb are real.

Plot the roots on an Argand diagram. By considering the
diagonals, or otherwise, show that the points are at the vertices
of a square. Calculate the area of the square.

Activity 22

Given thatk Z1 and the roots of the equatiah=k area, 8

(x-2)
(x+1)

and y, use the substitutiom= to obtain the roots of the

equation

(x-2)* =k(x+1)?

Exercise 3D

1. By using de Moivre's theorem, find all solutions 4. Using the results from Question 1(b), solve the
to the following equations, giving your answers equation
in polar form. Plot each set of roots on an

Argand diagram and comment on the symmetry. 1+27(x +1°=0
(a) z* =16 (b) 28 =-27i (ce®=-1 giving your answers in the forra+bi.
2. Find the cube roots of 5. Solve the equatioz® =i(z—1)3 giving your
(a) 1+i (b) 2i-2 answers in the forna+ bi.
giving your answers in exponential form. Plot the solutions on an Argand diagram and

comment on your results.

3. Using the answers from Question 1(a), determing Determine the four roots of the equation

the solutions of the equation
(z-2)'+(z+1)*=0

and plot them on an Argand diagram.

(x+1)* =16(x-1)*

giving your answers in the forra+bi.

3.12 Loci in the complex plane

Suppose is allowed to vary in such a way that1=2. You
could writez=x+iy and obtain

-2y =2
or (x-1)%+y*=4
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You can immediately identify this as the cartesian equation of a 'maginary
circle centre(1, 0) and radius 2. In terms of the complex plane,
the centre i4+0i.

This approach could be adopted for most problems and the
exercise is simply one in algebra, lacking any geometrical feel for
the locus.

~—L

Instead, ifw is a complex number, you can identjgy- | as the

distance ofz from the point represented lay on the complex Imaginary
plane. The locug-1 =2 can be interpreted as the set of points

that are 2 units from the poiat- Oi; in other words, a circle

centrel+0i and radius 2.

Real

Activity 23

Illustrate the locus of in the complex plane i satisfies

(a) [z-(3+2i) =5 (b) |z-2+i[=1+3i
(c) |z+2i[=2 (d) [z-4=0
Activity 24

Describe the path of a point which moves in a fixed plane so that
it is always the same distance from two fixed points A and B.

lllustrate the locus of in the case whensatisfies

z+3 =|z-4i|.

You would probably have had some difficulty in writing down a
cartesian equation of the locus in Activity 24, even though you
could describe the locus geometrically.

Activity 25

Describe the locus afin the case wheremoves in such a way
that
Z=|z+2-2i|.

Now try to write down the cartesian equation of this locus which
should be a straight line.

By writing z=x+iy, try to obtain the same result algebraically.

Real
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Activity 26

Investigate the locus of P when P moves in the complex plane
and represents the complex numbevrhich satisfies

z+1=Kz-1
for different values of the real numbler

Why doesk =1 have to be treated as a special case?

Example

The point P represents the complex nunmben an Argand
diagram. Describe the locus geometrically and obtain a
cartesian equation for the locus in the cases

(@) |1Z2=|z-4
(b) |2+]z-4=6
(c) 12=2z-4

Solution

(@) From your work in Activity 25, you should recognise this ~ 'maginary |
as a straight line. In fact, it is the mediator, or
perpendicular bisector, of the line segment joining the

origin to the point4+0i.

It should be immediately obvious that its cartesian equation 2 4 Real
is x=2; however, writing ‘

Z=X+iy
2| =[x +iy[=[x-4+iy]
Squaring both sides gives

X2 +y? = (x-4) +y?

leading to
0=-8x+16
or X=2.

Imaginary

\
(b) You may be aware of a curve that is traced out when the
sum of the distances from two fixed points is constant. You
could try using a piece of string with its ends fastened to

two fixed points. The curve is called an ellipse. ! :

4
A sketch of the locus is shown opposite. ¥/

]
5 Real
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You can obtain a cartesian equation by puttzrgx +iy

X +iy|+|x-4+iy|=6
So X2 +yP +\f((x—4)2 +y2) =6
0 (x—4)2+y2:[6—(x2+y2)]2

X% —8x+16+y? = 36—12\5‘(x2 + y2) +x% +y?

9(x? +y?) = 25+ 20x + 4x?
5x% —20x + 9y? = 25
5(x - 2)? +9y* = 45

(x-2)
9

2
+y—:l
5

(c) You should have discovered in Activity 26 that the locus
will be a circle when the relationship is of this form. lItis
called thecircle of Apollonius.

You could possibly sketch the locus without finding the

Chapter 3 Complex Numbers

A Imaginary

cartesian equation.
Let z=X+iy

X +iy|=2)x -4 +iy|
(@ +y?) =2, (-9 +y?)
X2 +y? = 4(x2 -8x+16+ y2)

0=3x?+3y* -32x+64

In order to find the centre and radius you can complete the
square

160% 256 64 _ 64
i =Yy _Y1=>7
% 30 Y 3 9

Centre of circle is a%6+0i and radius isg.

2 6 Real
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Activity 27

By recognising the locus

z-2=3z-10
as the circle of Apollonius, use the idea of simple ratios to
determine the coordinates of the centre and the radius of the

circle.

Check your answer by finding the cartesian equation of the

circle. P
A Discover the
locus of the
vertex P
Activity 28
By folding a piece of paper, create an anglésfand cut it Fixed
out. Now mark two fixed points on a piece of paper and point Fixed

point

explore the locus of the vertex as you keep the two sides of the
cut-out in contact with the fixed points as shown.

You should find that P moves on the arc of a circle.

Alternatively, when you have a circle and two fixed points A
and B, if you choose a sequence of poiRtsk,,PR;, ... on the
circumference, what do you notice about the angles

APB, AP,B, AP,B, etc.?

This is an example of the constant angle locus.

Example
The point P representsn the complex plane. Find the locus of

P in each of the cases below whesatisfies

5m
a) argz="—"—
(@) argz 5

(b) arg(z—2+3i):%

z-10_m
(c) ardSZJrlD— 4 |
Imaginary
Solution Licus
(a) The locus is a half-line starting at the origin making an
angleg 1T with the real axis. | Real
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(b) The half-line to be considered here is one which starts at Imaginary
point 2-3i. |

It makes an angle og below the real axis as shown opposité.1 * Real

(c) You need to make use of the fact that )

gD 1D_ argz-1)-argz+1) -3 =\<Z
One possible solution faris shown in the second diagram |
opposite.
. . arg(z -1)
By the results of Activity 28 you can see that the locusisf imaginary L —ag(z+1)
the major arc of a circle passing throuphOi and -1+0i. | Z&000

Since the angle at the centre of the circle is twice that on the
circumference, it can be seen that the centre of the circle is gt 1

0+i and hence the radius of the circle\i8.

The problem can be tackled algebraically but there are Imaginary
difficulties that can creep in by assuming

arg(x +iy) = tan” 1DyD

Nevertheless, you can obtain the cartesian equation of the full

circle of which the locus is only part. o
-1 1 Real

Let zZ=X+iy
Dz Ux—-1+iyd

ag gEx+1+| E

1) +iyH{(x+1)-iy}
argE{ (x+1 4y

g
d
g

ar E(x —l+y)+2|yD L
ga (x+1)*+y? g 4

Taking tangents of both sides

2y
7=1
X2 —1+y?

O x*+y?-2y=1
x2+(y-1)>=2
from which we see the centre@s+-i and the radius is\/2.

Note: this approach does not indicate whether the locus is the
major or minor arc of the circle and so the first approach is
recommended.
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Exercise 3E

1. Sketch the locus of described by 3. Describe geometrically and sketch the region on
. i the complex plane for which
(a) |z+3-4i|=5 (b) |z+2/=|z-5+i ~
(a) 2<[z-3+i|<5 (b) —nsarQZ—Zi)sLT
(c) |z+3i|=3z-i| (d) |z-2+|z-3+i|=0 4 3
Sketch the loci for which
2. Describe geometrically and obtain a cartesian
equation for the locus afin each of the (a) argmim:?i[ (b) arg(z-2)° =
; Uz-iO 2 2
following cases.
(a) [z-3% =100 (b) |z-1%+[z-4 =9 (c) arg(z+2)—arg(z—3):7—;
(©) [z-1+/z-4=5  (d) |z-1-|z-4=1 [2-5+7i0_
(@) argy z+1+i O 2

3.13 Miscellaneous Exercises

1. Find the modulus and argument of the complex 5. Simplify (1+i)* -(1-i)".

numbers . . L
Given thatn is a positive integer, show that

z =1+i andz, =1-/3i. (L+i)* - (1-i)*" =0

Hence find in the forme=[r, 6] where

-m<@<mandr>0, the complex numbers 6. Given thatz=%+%i, simplify 2%, 2°, z* and
z z illustrate each of these numbers as points on an
@) 27 (b) z, © 3 Argand diagram.

7. Show that the three roots af =1 can be

2
2 3 4
)z € z () P expressed in the form, w, w?.

. Hence show that+w+ w? = 0.
2. Express the numbeds 3, -4, z=2+5i

in the[r, 8] form. Hence express in tHfe, 6] Using this relation and the fact that =1,

simplify the following

form
7
OF (b) 3zi © 5 @ (o) 0) (-)ft-o?)
-4 5
(d) -4z (&) — (©) 1‘:’(0 (d) (1—w+w2)4
3. Find~/3+i in the[r, 6] form. Hence find

1+w?|(1-w

(@) (v3+i)’ (b) (v3+i)° (e) (w-w?) () ((1+)(w))

In the forma+bi. 8. The roots of the equatiozf +4z+29=0 arez

c) Find the least value of the positive integer .
©) P ge andz,. Show thatz|=|z| and calculate, in

for which (\§+i)n is degrees, the argument af and the argument
(i) purely real of z,.
(ii) purely imaginary. In an Argand diagram, O is the origin agdand
4. Eind in the forma+bi z, are represented by the points P and Q.
Calculate the radius of the circle passing
(a) (1+ V“Ei)s (b) (\@—i)lo (c) (1-i)’ throught the points O, P and Q. (AEB)

by making use of de Moivre's theorem.
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10.

11.

12.

Sketch on an Argand diagram the loci given by 13.
|z-1-2i|=5
|z-5+i| =|z+3-5i|
Show that these loci intersect at the pozpt
wherez =-2-2i, and at a second poi. Find
z, in the forma+bi, wherea andb are real.
Expressz in the formr(cosa+isina) where 14
r>0and-m<a<m giving the value of and '
the value ofa. Show thatz is a root of the
equationZ*+64=0.
Expressz'+64 in the form
(z2 +Az+ B)(22 +Cz+ D)

whereA, B, C andD are real, and find these
numbers. (AEB)

(a) Find the modulus and argument of the

/ .
complex numberl\‘sﬂ3 giving the

argument in radians betweefrrandr.
(b) Find the value of the real numbgrin the

A3 +iA
case when———

1+i+/3

is real. (AEB) 15.

The complex numbeuw=-10+9i
(a) Show the complex numberon an Argand
diagram.

(b) Giving your answer to the nearest degree,
calculate the argument of

(c) Find the complex numberwhich satisfies
the equation
uv=-11+28i.

(d) Verify that [u+v=82. (AEB)

(a) The complex numbersatisfies the
equation|z+1=12|z-1. The point P
representz on an Argand diagram. Show
that the locus of P is a circle with its centre
on the real axis, and find its radius.

(b) Find the four roots of the equation
(z+1)* +4(z-1)* =0,
expressing the roots,, z,, z; andz, in the
form a+bi.
Show that the points on an Argand diagram

representingz, z,, z; andz, are the

vertices of a trapezium and calculate its area.
(AEB)

Chapter 3 Complex Numbers

Letz be the complex numbefl+/3i.

(a) Expressz? in the forma+bi.

(b) Find the value of the real numbprsuch that
Z?+pzis real.

(c) Find the value of the real numbegrsuch that

5m

Arg(22 +q2) = (AEB)

Use the method of mathematical induction to
prove that

(cosd +isind)" = cosnd +isinné,

wheren is a positive integer.

Deduce that the result is also true wheis a
negative integer.

Show that
2confg=z"+z",
where z=cosg +isinb.

By considering(z+z‘1)4, show that

cost 6= %(cos49+4cosz9 +3).

i
Hence evaluateJ'Gcos“ZBdG. (AEB)
0

You are given the complex number

_ 2m . .21
W =C0S— +isin—.
5 5

(a) Write down the value oéo® and prove that
1+ w+w? +w® +w* =0.
Simplify (w+ w“) (w2+w3).

Form a quadratic equation with integer
coefficients having roots

(w+ w“) and(w2+ aﬁ)

and hence prove that

2m_ -1++5
cos=-=—— "2
5 4

(b) In an Argand diagram the point P is
represented by the complex numizer

Sketch and describe geometrically in each
case, the locus of the point P when

() |z-w=|z-1
. z-wO_ 7
(i) argDZ_1D 5

(AEB)
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16. (a) Use de Moivre's theorem to show that

fa_ nrmQ]
3| Z"SC —isin 6 O

wheren is an integer.

(i) Find the least positive integer for

which(\‘g—i)m is real and positive.

(ii) Given that(\3—i) is a root of the
equationz® +16(1+i)z* +a+ib =0,

find the values of the real constants
aandb.

(b) The point P represents a complex number
on an Argand diagram and

[z- =32~

wherew=\3-i.

Show that the locus of P is a circle and find
its radius and the complex number
represented by its centre.

(AEB)



