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Summary of Lecture 39 – SPECIAL RELATIVITY I 

1. The Special Theory of Relativity was created by Albert
    Einstein, when he was a very young man in 1905. It is 
    one of the most solid pillars of physics and has been tested
    thousands of times. Special Relativity was a big revolution
    in understanding the nature of space and time, as well as 
    mass and energy. It is absolutely necessary for a proper 
    understanding of fast-moving particles (electrons, photons, 
    neutrinos..). Einstein's General Theory of Relativity - 
    which we shall not even touch here - goes beyond this 
    and also deals with gravity.

2. Relativity deals with time and space. So let us first get some understanding of how we 
    measure these two fundamental quantities:
    a)  we measure time by looking at some phenomenon that rTime : epeats itself. There are 
         endless examples: your heart beat, a pendulum, a vibrating quartz crystal, rotation of
         the earth around its axis, the revolution of the earth about the sun,... These can all be 
         used as clocks. Of course, an atomic clock is far more accurate than using your heart
         beat and is accurate to one part in a trillion. Although different systems of measure-
         ment have different units it is fortunate that time is always measured in seconds.  
     b) intuitively we know the difference between short and long. But to do a 
         m

Distance :
easurement, we first have to agree on what should be the unit of length. If you use 

         a metre as the unit, then you can use a metre rod and measure any length you want. 
         Of course, sometimes we may use more sophisticated means (such as finding how 
         high a satellite is) but the basic idea is the same: the distance between point A and  
         point B is the number of metre rods (or fractions thereof) that can be made to fit in 
         between the two points.  

3. Newton had believed that there was one single time for the entire universe. In other words,
    time was absolute and could be measured by one clock held somewhere in the centre of 
    the universe. Similarly, he believed that space was absolute and that the true laws of 
    physics could be seen in that particular frame which was fixed to the centre of the universe. 
    (As we shall see, Einstein shocked the world by showing that time and space are not 
    absolute quantities, but depend on the speed of your reference frame. Even more shocking
    was his proof that time and space are not entirely separate quantities!)
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4. An is something that happens at some point in space at some time. With respect to
    the frame S below, the event P happened at (x,y,z,t). Now imagine a girl running to the 
    right at fixed

 event 

 speed v in frame S . According to her, the same event P happened at 
    (x ,y ,z ,t ). What is the relation between the two sets of coordinates?

    If you were Newton, then you would look at the above figure and say that obviously it is 
    the following: v ,  ,  ,  . These are called 

. Note
x x t y y z z t t Galilean coordinate

    transformations  that it is assumed here that the time is the same in both frames 
    because of the Newtonian belief that there is only one true time in the world.

5. There are certain obvious consequences of using the Galilean transformations. So, for 
    example a rod is at rest in S-frame. The length in S-frame ,  while the length in 
    the S -frame   v .  Since ,  the length is the

B A

B A B A B A B A

x x
x x x x t t t t  same in 

    both frames:   . (As we shall see later this will not be true in Einstein's
    Special Relativity). 

B A B Ax x x x

6. Let us now see what the Galilean transformation of coordinates implies for transformations

    of velocities. Start with v  and differentiate both sides. Then v. Since 

    ,  it f

dx dxx x t
dt dt

t t ollows that  and so v. Similarly,   and .

    Now,  is the x-component of the velocity measured in S -frame, and similarly

     is the x-com

x

x

dx dx dx dx dy dy dz dz
dt dt dt dt dt dt dt dt

dx u
dt

dx u
dt

ponent of the velocity measured in S-frame. So we have found that:

                          v,   ,     (or, in vector form, v)  

    Taking one further derivative, 

x x y y z z

x

u u u u u u u u

du d
dt d

v  (remember that v constant),  

     we find that the components of acceleration are the same in S and S :  

                         ,    ,       .

x
x

y yx x z z

duu
t dt

du dudu du du du
dt dt dt dt dt dt
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7. We had learned in a previous chapter that light is electromagnetic wave that travels at a
     speed measured to be  2.907925 10 / sec. Einstein, when he was 16 years old,
     asked himself the qu

c m
estion: in which frame does this light travel at such a speed? If I 

     run holding a torch, will the light coming from the torch also move faster? Yes, if we use 
     the formula for addition of vel

8

ocities derived in the previous section! So if light actually
     travels at 2.907925 10 / sec  then it is with respect to the frame in which the "aether"
     (a massless fluid which we cannot feel) is

m
 at rest. But there is no evidence for the aether!

8. Einstein made the two following postulates (or assumptions). 
    1) The laws of physics have the same form in all inertial frames. (In other words, there
         is no constant-velocity frame which is preferred, or better, than any other).
    2) The speed of light in vacuum has the same value in all inertial systems, independent
        of the relative motion of source and observer.
    [Note: as stressed in the lecture, no postulate of physics can ever be mathematically 
     proved. You have to work out the consequences that follow from the postulates to know
     whether the postulates are good ones or not.]

9. Let's first get one thing clear: in any one inertial frame, we can imagine that there are 
    rulers and clocks to measure distances and times. We can synchonize all the clocks to
    read one time, which will be called the time in that frame S. But how do we do this? If 
    are two clocks, then we can set them to read the same time (i.e. synchronize them) by 
    taking account of the time light takes to travel between them.  
    Example: The observer with clock A sees the time on clock B as 2:55pm. But he knows
    that light took 5 minutes to travel from B to A, and therefore A and B are actually reading
    exactly the same time. 

10

8
9 10    (Time taken by light in going from B to A is equal to 300sec 5min.)

3 10 / sec

10. Now I shall derive the famous formula which shows that a moving clock runs slow. This 
      will be some

d m
c m

thing completely different from the older Newtonian conception of time. 
      Einstein derived this formula using a "gedanken" experiment, meaning an experiment
      which can imagine but not necessarily do. So imagine the following: a rail carriage has a 
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     a bulb that is fixed to the ceiling. The bulb suddenly flashes, and the light reaches the
     floor. Time taken according to the observer inside the train is / .t h c

               
     Now suppose that the same flash is observed by an observer S standing on the ground. 
     According to S, the train is moving with speed v. Let's consider the same light ray. Clearly,
     the tra

22

in has moved forward between the time when the light left the ceiling and when it

v
     reached the floor. According to S, the time taken is   . Now 

h tdt
c c

2

2

2

2

22 2 1

v
1

1

v
1

     square both sides:   ( ) v ,  which gives . Here  is

     the relativistic factor,  and is a number that is always bigger than one. As v

     gets closer and close

c

c

hc t h t t t
c

r to c, the value of  gets larger and larger. For v=4c/5, =5/3. So, if
    1 sec elapses between the ticks of a clock in S   (i.e.  1),  the observer in S will see 
    5/3 seconds between the tick

t

-18

s. In other words, he will think that the moving clock is slow! 

11. The muon is an unstable particle. If at rest, it decays in just 10  seconds. But if traveling 

      at 3/5 the speed of the light,
2

1 5 it will last 25% longer because . If it is 
41 3/ 5

      traveling at v=0.999999c, it will last 707 times longer. We can observe these shifts due
      to time dilation quite easily, and they are an important confirmation of Relativity.

12. Another amazing prediction of Relativity is that objects are shortened (or contracted) along
      the direction of their motion. Einstein reached this astonishing conclusion on the basis of
      yet another gedanken experiment. Again, consider a moving railway carriage with a bulb

h
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     at one end that suddenly flashes. Let  be the length of the carriage according to ground
     observer S, and  be the length according to the observer S  inside the carriage. So, 

2     

x
x

t  is the time taken for the light to go from one end to the other, and then return

     after being reflected by a mirror. Now let's look at this from the point of view of S, who is
     fixed to the g

x
c

1

1
1 2

round. Let  be the time for the signal to reach the front end. Then, 
v     because the mirror is moving forward, . Call  the return time. Then,

t
x tt t

c

2
2 1 2 1 2

1 2 2 2

2 2

v     . Solving for  and :   and  . The total time
v v

2 /     is therefore . Now, from the time dilation result derived 
1 v /

     earlier, 1 v / ,  

x t x xt t t t t
c c c

x ct t t
c

t c t 2 2
2 2 2 2

2 2

2 / 2 /and so 1 v / . This
1 v / 1 v /

     gives,  ,  or / . This an astonishing result! Suppose that there
1 v /

     is a metre rod. Then the observer riding with it ha

x c x ct c
c c

xx x x
c

s 1. But according to someone 
     who sees the metre rod moving towards/away from him, the length is 1/ . This is less
     than 1 metre!  

x

13. Although an object shrinks in the direction of motion (both while approaching and
      receding), the dimensions perpendicular to the velocity are not contracted. It is easy
      to conceive of a gedanken experiment that will demonstrate this. One of the exercises
      will guide you in this direction.
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14. We shall now derive the "Lorentz Transformation", which is the relativistic version of 
      the Galilean transformation discussed earlier. Consider an event that occurs at position
       (as meax sured in ) at a distance  (again, as seen in ) from the origin of S . Then,  

      vt. From the Lorentz contraction formula derived earlier,  where  is the 

     distance measured in S . 

S d S
xx d d x

This gives v . Now, by the same logic, v .x x t x d t

2

    Here . This gives v v v . We find that the time in S  is

v    related to the time in S by . Note that if we make  very large, then . 
c

    To summarize: 
       

xd x x t x t t

t t x c t t

                                   LORENTZ TRANSFORMATION    
                                          v  
                                          
                                          

x x t
y y

2

  
v                                          . 

    (Note: in various books you will find slightly different derivations of the above Lorentz
    transformation. You should look at on

z z

t t x
c

e of your choice and understand that as well.) 
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QUESTIONS AND EXERCISES – 39 

1. Instead of using a ruler to measure distances, can we use a laser together with an accurate
   clock instead? Discuss.

2. What must be the value of v/c if   a) 1.01,  b) 10,  c) 1000. 

3. Two identical spaceships carrying identical clocks pass by each other at a speed of 0.99c. 
    a) Each sees the other's clock as running slow. By how much? 
    b) Each sees the other's spaceship shortened. By how much?
    c) How is it possible for the observers on both spaceships to be correct in saying that the
        other's clock is slow, and the other's spaceship is shortened? 

4. Devise a logical argument that distances perpendicular to the direction of motion do not
    shrink. As a help, consider the following gedanken experiment: a train passes through a 
    tunnel where, at a certain height above the ground a blue stripe has been painted. A man
    in the train has a paintbrush with red paint on it which leaves a red stripe as the train moves
    at high speed. Make your case using the equivalence of rest frames. 

5. a) Two events happen at the same point in the same inertial frame S. To be specific, a 
        man stays still as blows his nose (event 1) and then wipes it (event 2). In any other 
        frame S  that is moving in the x direction, show that the sequence of these two events
        will remain unchanged. 
    b) Will this still be true if the man, instead of standing still, is walking very fast 

2

at half
         the speed of light? 

v6. The Lorentz transformation is  v , ,  , . Solve for

     the inverse transformation, i.e express , , ,  in terms of , ,  ,  .

x x t y y z z t t x
c

x y z t x y z t
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Summary of Lecture 40 – SPECIAL RELATIVITY II 

2

1 2 1 2

v1. Recall the Lorentz Transformation: v  and . Suppose we take

    the space interval between two events , and the time interval . 

    Then, these intervals will b

x x t t t x
c

x x x t t t

2
ve seen in S  as   and v .

    Now consider two particular cases:
    a) Suppose the two events occur at the same place (so 0) but at different times 
        (so 0). Not

t t x x x t
c

x
t e that in S  they do not occur at the same point: 0 v !

    b) Suppose the two events occur at the same time (so 0) but at different places

        (so 0). Note that in S  they are not simul

x t
t

x 2
vtaneous: 0 .

2. As seen in the frame S, suppose a particle moves a distance  in time . Its velocity  is

    then  (in S-frame). As seen in the S -frame, meanwhile, it has move

t x
c

dx dt u
dxu
dt

2

2 22

d a distance 

v    where v  and the time that has elapsed is . The velocity 

v / v v    in S -frame is therefore . Thiv vv 1 / 1

dx

dx dx dt dt dt dx
c

dx dtdx dx dt uu udt dx dtdt dx
c cc

2

s is the

    Einstein velocity addition rule. It is an easy exercise to solve this for u in terms of ,   
v                                                     . v1

3. Note one very interestin

u
uu u

c

g result of the above: suppose that a car is moving at speed v and 
    it turns on its headlight. What will the speed of the light be according to the observer on
    the ground? If we use the Galilean

2

 transformation result, the answer is v+c (wrong!). But 
v v v    using the relativistic result we have  and  . In other v v v1 1

   words, the speed of the source makes no differenc

c c cu c u c cc c
c c

2

e to the speed of light in your frame.
   Note that if either  or v is much less than ,  then  reduces to the familiar result: 

v    v, which is the Galilean velocity addition rule. v1

u c u
uu uu

c
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4. The Lorentz transformations have an interesting property that we shall now explore. Take
    the time and space intervals between two events as observed in frame S, and the 
    corresponding quantit

2 2 2 2

2 2 2 22 2 2

ies as observed in S . We will now prove that the quantities defined

    respectively as  and  are equal. Let's start with :

    v / 2v

I c t x I c t x I

I c t x c t x c t x 2 2 v 2vx t t x

2 22 2 2 2
2 2

2 2

1                                   v 1 v /
1 v /

                                   
    This guarantees that all inertial observers measure the same speed of light !! 

5.  If t

c t x c
c

c t x I

he time separation is large, then 0 and we call the interval 
     If the space separation is large, then 0 and we call the interval  
     If  0 and we call the interval 

I timelike.
I spacelike.

I lightl
 :  a) If  an interval is timelike in one frame, it is timelike in all other frames as well.

b) If interval between two events is timelike, their time ordering is absolute.
  

ike.
    Note
                 

              c) If the interval is spacelike the ordering of two events depends on the frame from
                    which they are observed.

6. It is sometimes nice to look at things graphically. Here is
    a graph of position versus time for objects that move with
    different speeds along a fixed direction. First look at an 
    object at rest. Its position is fixed even though time (plotted
    on the vertical axis) keeps increasing. Then look at the 
    rocket moving at constant speed (which has to be less than
    c), and finally a photon (which can only move at c).

7. The trajectory of a body as it moves through space-
    time is called its world-line. Let's take a rocket that
    is at 0 at 0. It moves with non-constant speed,
    and that is why its world-li

x t
ne is wavy. A photon that

    moves to the right will have a world line with slope 
    equal to +1, and that to the right with slope -1. The
    upper triangle (with  positive) is called the future
    

t
light cone (don't forget we also have  and ). The

    lower light cone consists of past events.
y x



Virtual University Physics 101 – Dr. Pervez Hoodbhoy 164

8. Earlier on we had discussed the Doppler effect in the context of sound. Now let us do so
    for light. Why are they different? Because light always moves with a fixed speed while
    the speed of sound is different according to a moving and a fixed observer. Consider the
    case of a source  of light at rest, and one that is moving to the right as shown below:

0 0
0

1    Let  be the frequency measured in the source's rest frame S, where  is the time for

    one complete cycle in S.  We want to calculate ,  the frequency as seen by the observer 
    in S  mov

T
T

ing to the right at speed v. Call  the distance between two successive wave 
    crests (i.e. the wavelength according to the observer). In time  the crests ahead of the 
    source move a distance 

T
cT

0

, even as the source moves a shorter distance v  in the same 

    direction. Hence v  and so  . Now, as discussed earlier, the
v

    time measured by observer will not be  because of time 

T
c cc T

c T
T

2 2
0 0

0 02 2 2 2

0

dilation. Instead, 

v v    . Hence, .
v v v1 v / v

v   ( If source moves away from the observer just change the sign of v:  .)
v

    This is the famous Doppl

T cT c c c cT
c T c c cc c

c
c

er effect formula. In the lecture I discussed some applications
    such as finding the speed at which stars move away from the earth, or finding the speed
    of cars or aircraft.

9. We now must decide how to generalize the concept of momentum in Relativity theory. 
    The Newtonian definition of momentum is . The problem with this definition is
    that we are used to having momentum conserved

p mu
when particles collide with each other,

    and this old definition will simply not work when particles move very fast.  Consider the 
    collision of two particles as in the diagrams below:
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    In the frame fixed to the lab (S-frame) conservation of momentum implies: 
    . Mass is also conserved: . Now suppose
    we wish to observed the collision from a fram

A A B B C C D D A B C Dm u m u m u m u m m m m

2 2

e S  moving at speed v. Then, from the
v v    relativistic addition of velocities formula,  and, from it, . Insertv v1 1

    this into the equation of conservation of momentum (using 

u uu uu u
c c

p m

2 2 2 2

v as the definition):

v v v v            
1 v/ 1 v/ 1 v/ 1 v/

    This is clearly not the equation  So momentum wil

A B C D
A B C D

A B C D

A A B B C C D D

u u u um m m m
u c u c u c u c

m u m u m u m u l not be 
    conserved relativistically if we insist on using the old definition!!

10. Can we save the situation and make the conservation of momentum hold by finding some
      suitable new definition of momentum? The new definition must have two properties:
      1) At low speeds it

2 2

 must reduce to the old one.
      2) At all speeds momentum must be conserved. 

      Let's see if the definition   will do the job. Obviously if u<<c we
1 /

      get ,  so requireme

mup mu
u c

p mu nt 1 is clearly satisfied. . Let's now see if the conservation of 
      momentum equation will hold if the new definition of momentum is used:   
                           .A A A B B B C C C D D Dm u m u m u m u
      After doing some algebra you find,

1 1 1 1      v v v v

      This gives ,  which is just wha

A A A A B B B B C C C C D D D D

A A A B B B C C C D D D

m u m u m u m u

m u m u m u m u t we want. 

Au
Bu

Cu
Du

During Collision

After Collision

Before Collision
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2

11. We shall now consider how energy must be redefined relativistically. The usual expression 
1      for the kinetic energy  is not consistent with relativistic mechanics (it does not
2

      satis

K mu

fy the law of conservation of energy in relativity). To discover a new definition, let
      us start from the basics: the work done by a force  when it moves through distance 

      adds up to an in

F dx

2 2

3 / 2 3 / 22 2 2 2 2 2 2 2

2

3 / 22 2
0 0

crease in knetic energy, . Now use:

/
                          

1 / 1 / 1 / 1 /

      This give 
11 /

u u

dp dxK Fdx dx dp udp
dt dt

m u c duu mdu mududp md
u c u c u c u c

udu mcK udp m
u c

2

2 2

2

0 2 2

21/ 22 2 2
0 22 2

2
2 2 2

2

/

       Note that K is zero if there is no motion, or  where  and 
1 /

1       . Now expand 1 / 1
21 /

1       Hence, 1 as 
2 2

mc
u c

mcK E E E
u c

uE mc u c
cu c

uK mc mc mu u
c

2
2

2 2 2 2

2

/ 0.

12. Now that we have done all the real work, let us derive some alternative expressions

      using our two main formulae:  and  .
1 / 1 /

      a)  or  

c

mu mcp mu E mc
u c u c

p pcu pc E
m E

2
2 2 2 2 4 2 2 2 4 2 4 2 2 4

2 2 2 2 4

2

      b) Clearly 1 1/ . Hence,

           .
      c) For a massless particle ( 0), .

13. A particle with mass  has energy  even tho

u
c

upc E m c m c m c E m c
c

E p c m c
m E pc

m mc ugh it is at rest. This is called its rest 
     energy. Since  is a very large quantity, even a small  corresponds to a very large
     energy. We interpret this as follows: suppose all the mass coul

c m

2

d somehow be converted
     into energy. Then an amount of energy equal to  would be released.mc
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 QUESTIONS AND EXERCISES – 40 

1. a) In measuring the length of a metre stick, how does the requirement of simultaneity enter?
    b) What is the equivalent requirement in the meassurement of time? 

2. A spaceship moving away from earth at 0.5c fires two missiles at speed 0.6c as measured
    in its rest frame. One missile is aimed away from earth and the other is towards it. What
    will be the speed of the missiles as measured on earth. 

3. How much work must be done to increase the speed of a particle of mass from 0.2c to 
    0.3c? From 0.8c to 0.9c? In each case the increase in speed is the same amount, so why
    is the work done different?

4. A particle of mass m moving with velocity v collides with another particle moving with
    velocity -v. The two particles stick together. What will be the mass of the single particle
    that remains? 

5. A particle of mass M decays while at rest into two identical particles that move off in
    opposite directions. What is the mass of those particles? 

6. Two identical clocks are set to the same time. One remains on earth while the other is 
    in an aircraft that travels at 1000km/h around the world. Will the the two clocks read
    the same or a different time? [Actually this experiment has been done with extremely
    accurate atomic clocks, and the time difference has been measured.]

7. How fast must a car approach a red light so that it is Doppler shifted and appears green?

8. Clocks placed at equal distances in frame S are synchronized to read the same value of
    time by sending a light pulse from the origin of S. The clocks in frame S  are similarly
    synchronized. To an observer in S, will the clocks in S  be synchronized? What about 
    the observer in S? 

0x
0x

v

Clocks in S

Clocks in S


