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Course Outline

• Intro to path integral
• Imaginary time 
• Instantons in a symmetric double well
• Decay of metastable states
• The functional determinant

Instantons in
particle QM

• Basic QFT for a scalar field
• Tunneling of field configurations
• The O(4) instanton
• How/when will the universe end?
• Gauge fields and multiple vacuaa
• Effective action

Tunneling of 
quantum fields



Instantons in gauge theories



Instantons in gauge theories





Standard Model also has sphalerons



Basics of Gauge Theory - I



Basics of Gauge Theory - 2



Basics of Gauge Theory - 3



New MatH For QFt



Eugene P. Wigner



“OLD” Math
Calculus
Linear Algebra
Differential Equations
Complex Variables
Optional: Probability Theory
Optional: Group Theory       

Differential Geometry = Calculus + Linear Algebra 
Differential Topology = Differential Geometry + Topology
Fibre Bundles = Group Theory + Topology
Knot Theory, Braid Theory, Quantum Groups, Harmonic Analysis,
Cohomology……plus more stuff that is still to find names

“NEW” Math



Does this “heavy stuff” really help ?





The Original (Twenty) Maxwell’s
Equations  (1865)



Oliver Heaviside: 1850-1925

Profession: Electrician

Education: High School



Under Maxwell’s Statue











This is how we teach Maxwell’s equations these days         

You start with the quantity   (called the gauge potential).

Then,                 (called the field tensor).

Define:            (called the dual field tensor).
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Much better! But is it good enough?
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I hate indices and coordinates!
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Differential Geometry 
a) curvature?
b) distances? 
c) areas?

Differential Topology            
a) compactness?
b) holes?
c) embedded?

Differential Geometry and Differential Forms                               

Elie Cartan 1869-1951
Bernhard Riemann 1826-1866



 

Under ,     also doesn't change:
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Differential Forms

1
 is called a .

2!

Antisymmetry under multiplication
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(called the exterior derivative).
1

  makes a 3-form if  is a 2-form
2!

Define  
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Differential Forms





1) You start with the one-form ,  then  .    Define   .A A A dx F d A
 

Rewriting Maxwell’s equations using differential forms          

2 2 50% of Maxwell's equat0    0  ions hence d  er ived!d dF d A   
2) Notice  doesn't change  .A A d F 
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3) Define Hodge  operation on a zero-form , a one-form ,  a two-form , etc: 

          (4-form)

          *             (3-form)
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Rewriting Maxwell’s equations using differential forms          

 1
2

4) Create an action  invariant under  and couple  to a current one-fo

                

rm  :

          (coordinate free!!).        
M
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5) Then minimize  by variation:  .S A A A 



An immediate payback is generalized electrodynamics           

 1
2

2) Gauge invariant action :

        ( 1)  
M

pS F F A j    

1) Now start with the  -form .   

    Define   . 

    The conserved current  is now a -form.
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Still not convinced?           



Vielbeins and Cartan’s Equations

Vielbein:  g ( ) ( ) ( )x e x e x 
   

Vielbein 1-form:  ( )  e e x dx  
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          Cartan's Equations
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What did this buy for you?          

           Start with:  0 de e   (  ) 0 d de e    dd 0 e d e de     

( ) 0 d e        0R e  

Restore Lorentz indices:   0R e dx dx dx    
        0

or    0
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       0     R R R  
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0 d e e       

:   Easy derivation of various identities involving the Riemann curvature tensor,    Example R




Now you can rewrite the usual Einstein-Hilbert action without using 
coordinates or space-time indices:           

  (    )   
M

S e eR  
  

Why?  Because: 

a) You cannot have more than one power of the curvature 2-form .

b) The only other available form is .

c) 2 ( 2)
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Principal Fibre Bundles and Non-Abelian Gauge Theories

It’s the natural math to use because:
a) The gauge potential is the connection
b)  Global properties of gauge fields can be explored.



1
2

Define one-form (matrix valued):  .  

      Note that   [ , ]
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Create   (remember Cartan!) 

      If    then  

      Equivalently:  a a a a
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Basic Non-Abelian Gauge Theory      

1
Then      is a gauge-invariant Lagrangian.

2
L Tr F F   

But if A is to be understood as a connection, then in 
what space is it a connection ?



base manifold 
fibre

gx

x

fibre bundle 



x

4  (base space)M

  



The Great Philosophical Puzzle

“The Unreasonable Effectiveness of 
Mathematics in the Natural Sciences”

Eugene P. Wigner




