Chapter One: Manifolds - The Canvas Of Differential Geometry

In standard vector calculus, we operate in flat, Euclidean space (R™). We rely on a global Cartesian
coordinate system where the distance between points is straightforward, and vectors can be moved

freely from point to point without changing their meaning.

Differential geometry asks: How do we do calculus on spaces that are globally curved and
have no preferred global coordinate system? To answer this, we must first rigorously define the

“space” itself. This brings us to the fundamental object of differential geometry: the manifold.

1.1 The Intuition: Locally Flat, Globally Curved

__________ »  ————— Locally Flat (R!)

Globally Curved Manifold (S!)

A manifold is a space that might be complicated and curved on a large scale, but zooming in close

enough to any point, it looks exactly like flat Euclidean space (R™).
Examples of Manifolds:

1. The 2-Sphere (S?): The classic example is the surface of the Earth. Globally, it is curved—
parallel lines of longitude eventually intersect at the poles. But to an observer standing in a
field, the ground looks perfectly flat (like R?), which is why a flat paper map works perfectly for

navigating a single city.

2. The Torus (72): The surface of a doughnut. While it is a 2-dimensional surface embedded in
3D space, locally, a tiny patch on the torus looks exactly like a flat piece of paper. In physics,
the torus naturally emerges as the configuration space of a double pendulum (where the two

angles 01, 65 each wrap around a circle).

Locally Flat (R?)
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1.2 Formalizing the Intuition: Charts

R n

To do calculus on a manifold, we need to map its local regions to R"™, where we already know how to

differentiate and integrate. We do this using borrowed terminology from cartography.

Coordinate Chart: A chart is a pair (U, ¢), where U is an open subset of the manifold M, and ¢
is a continuous, invertible mapping that takes every point in U to a point in flat Euclidean space R™.

The functions ¢ assign coordinates to the points on the manifold.
Examples of Charts:

1. Latitude and Longitude (Spherical Coordinates): On the 2-sphere, we can define a chart
mapping a point to angles (6,¢). However, this map fails at the poles (where longitude is
undefined) and along a “seam” (where ¢ jumps from 27 back to 0). Thus, this chart only covers

an open subset of the sphere, not the whole thing.

2. Stereographic Projection: We can place a flat plane at the South Pole of a sphere. By
drawing a straight line from the North Pole through the sphere to the plane, we map every
point on the sphere to a flat 2D coordinate (u,v). This chart successfully maps the entire sphere
except for the North Pole itself.

1.2.1 A Quick Primer: The Meaning of an Inverse Function

Notice that the definition of a coordinate chart requires ¢ to be an invertible mapping. But what

exactly is an inverse function?

Simply put, an inverse function “undoes” the action of the original function. If a function f takes
an input = and produces an output y (so f(z) = y), the inverse function, denoted f~!, takes y and
brings you exactly back to 2 (so f~!(y) = z). For a function to have an inverse, it must be a strict

“one-to-one” relationship, meaning no two distinct inputs produce the same output.

Manifold (M ordinates (R™)
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unction: r =

nverse: p = ¢~ ()

Algebraic Example: Let f(x) = 2z + 3. If we input z = 1, we get f(1) = 5. To find the inverse, we

set y = 2x+3 and algebraically solve for z, giving © = yT_?’ Thus, the inverse function is f~1(y) = y—;3



If we feed our output y = 5 into the inverse, f~1(5) = 52;3 = 1, successfully returning us to our original

input.

Geometric Meaning in Charts: In differential geometry, the chart ¢ maps a physical point p
on the manifold to a set of flat coordinates (u,v). The inverse function ¢! does the exact reverse:
you hand it a coordinate pair (u,v), and it points to the precise physical location p on the manifold.
This two-way street guarantees that our coordinate grid doesn’t overlap itself or assign two different

physical points the exact same coordinate.

1.3 Covering the Space: Atlases

A single flat map cannot cover the entire Earth without breaking, tearing, or distorting at the edges
(like the poles). Therefore, we need a collection of overlapping maps to cover the whole space. An
atlas is a collection of charts {(U;, ¢;)} such that the union of all patches U; completely covers the
manifold M.

Examples of Atlases:

1. The Stereographic Atlas of S?: Since a single stereographic projection misses exactly one
point (the North Pole), we can create a second chart using stereographic projection from the
South Pole (which misses only the South Pole). Together, these two overlapping charts cover

the entire sphere, forming a complete atlas.

2. The Minimal Atlas for a Circle (S'): A 1-dimensional circle cannot be mapped to a single
straight line R! without cutting it. We can cover the circle using an atlas of two overlapping arcs

(for example, one open arc covering the top 3/4 of the circle, and another covering the bottom

3/4).



1.4 The Crucial Requirement: Transition Functions
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Where two local maps (charts) overlap, they must agree smoothly. Imagine a point p on the manifold
that falls into the overlapping region of two charts, U; and Us. Chart 1 gives this point coordinates
x = ¢1(p), and Chart 2 gives this point coordinates y = ¢2(p). The function that translates coordinates

from Chart 1 to Chart 2 is called a transition function:
y=gs00; " (x) (1.1)

For the space to be a smooth manifold, these transition functions must be perfectly smooth (in-
finitely differentiable).

Examples of Transition Functions:

1. Stereographic Overlap: In the two-chart stereographic atlas for the sphere, the “equator”
and most of the sphere are covered by both charts. If a point has coordinates (u,v) in the
North-projection chart, its coordinates in the South-projection chart are given by the transition

). This is a smooth mathematical inversion everywhere on the
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2. Shifting the Coordinate Seam: On a circle S', suppose Chart 1 measures the angle 6; €
(0,27) and Chart 2 measures 0 € (—m, ). In the overlapping region in the lower half of the
circle, the transition function connecting the two coordinate systems is simply 0y = 6; — 2.

This is a linear shift, which is highly smooth, allowing seamless calculus across the boundary.

Why This Matters for Physics: In classical mechanics, the configuration space of a system is rarely
flat; it is a manifold parameterized by angles. In general relativity, spacetime itself is a 4-dimensional
smooth manifold. By defining spaces through atlases and smooth transition functions rather than
embedding them in some higher-dimensional void, we ensure that the laws of physics depend purely
on the intrinsic geometry of the space, completely independent of the coordinates we choose to describe
it.



1.5 Tangent Spaces — Vectors Without an Embedding Space

In flat Euclidean space (R™), we think of a vector as an arrow connecting an origin to a destination.
Because the space is flat and linear, we can freely slide this arrow from one point to another without

changing its length or direction.

On a curved manifold M, this concept breaks down entirely. An arrow drawn flat on the surface of a
sphere does not remain on the sphere if you extend it in a straight line. More fundamentally, how do
we define an arrow “tangent” to the space if the space isn’t sitting inside a larger, higher-dimensional

room?

1.6 The Intuition: Extrinsic vs. Intrinsic

Extrinsic Intrinsic
¥ in R?

Path ~(t)

Extrinsically, if a 2D manifold is embedded in 3D space, the tangent space at a point p is just the
standard flat 2D plane that barely touches the manifold at p. Intrinsically, however, an observer
living strictly within the manifold knows nothing about the outside space. They must define velocity

based purely on what they can measure from within.
Examples of Extrinsic vs. Intrinsic Views:

1. The Surface of the Earth: Extrinsically, a tangent vector at the North Pole is an arrow
pointing into the vacuum of space perpendicular to the Earth’s polar axis. Intrinsically, a
surveyor standing at the North Pole only understands tangent vectors as physical directions

they can walk along the icy surface.

2. The Torus (Donut): Extrinsically, a tangent plane to the inner ring of a torus cuts directly
through the empty hole in the middle of the donut. Intrinsically, an ant living on the torus only

sees these vectors as valid paths pointing “forward” or “sideways” along the dough.



